We consider the space of abstract Uryson operators in vector lattices. We calculate the laterally continuous part of a positive abstract Uryson operator.
Introduction
Nowadays the theory of regular operators in vector lattices is a great area of Functional Analysis [1, 2, 6, 16] . Nonlinear maps between vector lattices constitue a more delicate subject. The interesting class of nonlinear maps which called abstract Uryson operators was introduced and studied in 1990 by Mazón and Segura de León [9, 10] , and then considered to be defined on lattice-normed spaces by Kusraev and second named author [7, 8, 12] . The space of all abstract Uryson operators has a nice order properties, but the structure of this space is still less known. In this notes we find a formula for band projection on the band of laterally continuous abstract Uryson operators.
Preliminary information
The goal of this section is to introduce some basic definitions and facts. General information on vector lattices the reader can find in the books [2, 6, 16] . Definition 2.1. Let E be a vector lattice, and let F be a real linear space. An operator T : E → F is called orthogonally additive if T (x + y) = T (x) + T (y) whenever x, y ∈ E are disjoint.
It follows from the definition that T (0) = 0. It is immediate that the set of all orthogonally additive operators is a real vector space with respect to the natural linear operations. Definition 2.2. Let E and F be vector lattices. An orthogonally additive operator T : E → F is called:
• order bounded it T maps order bounded sets in E to order bounded sets in F . An orthogonally additive order bounded operator T : E → F is called an abstract Uryson operator.
The set of all abstract Uryson operators from E to F we denote by U(E, F ). We shall consider some examples. The most famous one is the nonlinear integral Uryson operator. 
Then we define an operator T : 
In this case we write T = (T i,j ).
Let E be a vector lattice and x ∈ E. Recall that an element z ∈ E is called a component or a fragment of x if z⊥(x − z). The set of all fragments of an element x is denoted by F x . The notations z x means that z is a fragment of x. Consider the following order in U(E, F ) : S ≤ T whenever T − S is a positive operator. Then U(E, F ) becomes an ordered vector space. If vector lattice F is Dedekind complete we have the following theorem.
Theorem 2.5. ([9],Theorem 3.2). Let E and F be a vector lattices, F Dedekind complete. Then U(E, F ) is a Dedekind complete vector lattice. Moreover for S, T ∈ U(E, F ) and for
f ∈ E following hold 1. (T ∨ S)(f ) := sup{T g + Sh : f = g + h; g⊥h}. 2. (T ∧ S)(f ) := inf{T g + Sh : f = g + h; g⊥h}. 3. (T ) + (f ) := sup{T g : g f }. 4. (T ) − (f ) := − inf{T g : g; g f }. 5. |T f| ≤ |T |(f ).
Result
Order projections are an important tool in the vector lattice theory. There are some interesting results concerning order projections in the spaces of linear, bilinear and orthogonally additive operators in vector lattices [3, 4, 5, 11, 12, 14, 15] . In this section we find formula for calculating the laterally continuous part of an abstract Uryson operator.
Recall that a net (x α ) in a vector lattice E laterally converges to x ∈ E if x α x β x for all indices α < β and x α o −→ x. In this case we write
Definition 3.1. Let E, F be vector lattices. An orthogonally additive operator T : E → X is called laterally continuous if T sends laterally convergent nets in E to order convergent nets in F .
The vector space of all laterally continuous abstract Uryson operators from E to F we denote by U n (E, F ). If E, F are vector lattices with F Dedekind complete the U n (E, F ) is a band in U(E, F ) ( [9] , Proposition 3.8). Therefore every abstract Uryson operator T has a unique decomposition T = T n + T s , where T n ∈ U n (E, F ) and T s ∈ U n (E, F ) ⊥ . Operator T n is called a laterally continuous part of T . The order projection on the band U n (E, F ) in the space U(E, F ) we denote by π n . By definition π n T = T n .
Definition 3.2. Let
Example 3.3. Let E be a vector lattice. Every order ideal in E is an admissible set.
Example 3.4. Let E, F be a vector lattices and T ∈ U + (E, F ). Then N T := {e ∈ E : T (e) = 0} is an admissible set.
The following example is important for further considerations. 
Let E, F be vector lattices, with F Dedekind complete, T ∈ U + (E, F ) and D ⊂ E is an admissible set. Then we may define a map π
for every x ∈ E. 
Lemma 3.6. Let E, F be vector lattices with F Dedekind complete, T ∈ U + (E, F ) and D is an admissible set. Then π D T is a positive abstract Uryson operator and π
Take a supremum in the left hand we may write
Finally we have
Now fix an order projection ρ on the Dedekind complete vector lattice space F . Then the operator Π : Observe that every order dense ideal of the E is a laterally dense admissible set. Now we are ready to formulate the main result. First we need some auxiliary notions. 
Proof. Let T be a laterally continuous operator and T / ∈ U s (E, F ) ⊥ . Then there exists S ∈ U s (E, F ) such that R := T ∧ S > 0. Thus R vanishes on some laterally dense admissible set and since 0 ≤ R ≤ T , we have R is a laterally continuous abstract Uryson operator. Therefore R = 0 and T ∈ U s (E, F ) ⊥ . Let us prove the reverse inclusion. Let T ∈ U s (E, F ) ⊥ , T ≥ 0 and assume that T is not laterally continuous. Then there exits an element e ∈ E and laterally convergence (e α ) α∈Λ ⊂ E, e = o-lim α e α , such that o-lim α T e α = sup α T e α < T e. Denote f α = e − e α . Observe that
Consider the net of fragments S α of the operator T defined by formula
and take the operator S = inf α S α . It is clear that π fα T e = T f α . The operator S : E → F is nonzero positive laterally continuous abstract Uryson operator. Indeed
Now we may prove that S is a singular operator. Remark that Sg = 0 for every g ∈ E, g⊥f α 0 for some α 0 ∈ Λ. Denote the set {g ∈ E : Sg = 0} by E. It is clear that E is an order ideal. Let us prove that E is order dense. Indeed, assume that there is f ∈ E + , so that
But o-lim α f α = 0, and by the Theorem 1.36 from [2] the ideal E is order dense.
A family A of an admissible subsets of E is called upward saturated if for every A ∈ A, B ∈ AD(E), B ⊃ A we have B ∈ A. By U (E, F ) denote the set {T ∈ U(E, F ) : N T ∈ A}. 
